Abstract. The transmission problem for the Stokes system is studied:
Introduction
The transmission problem is a very important problem and there are lots of papers devoted to this topic (see for example [18] , [39] , [2] , [7] , [38] , [10] ). This problem occurs in the case of contact of two media with different material constants. Very fruitful is to study this problem using the integral equation method (see [4] , [35] , [12] , [11] , [13] , [34] , [5] ). Many papers study the Brinkman transmission problem and the Stokes-Brinkman transmission problem by the integral equation method ( [21] , [22] , [23] , [25] , [20] , [24] ). The transmission problem for the Stokes system was studied by the integral equation method in [3] , [36] . The following transmission problem was studied:
2) v + − v − = g, a + T (v + , p + )n − a − T (v − , p − )n = f on ∂G.
(1.3) v − (x) = O(|x| −1 ), ∇v − (x) = O(|x| −2 ), p − (x) = O(|x| −2 ) as |x| → ∞.
is a bounded open set with Lipschitz boundary ∂G, G − := R 3 \ cl G + its complement with ∂G − = ∂G, where cl G + denotes the closure of G + and ∂G the boundary of G, n = n G is the outward unit normal of G + , a + , a − are positive constants, and T (v, p) = 2∇v − pI is the stress tensor. Here I denotes the identity matrix and
is the strain tensor, with (∇v)
T as the matrix transposed to ∇v = (∂ j v k ), (k, j = 1, 2, 3), and ∇·v = ∂ 1 v 1 +∂ 2 v 2 +∂ 3 v 3 denotes the divergence of v. For 1 < q ≤ 2 and f ∈ L q (∂Ω, R 3 ) and g ∈ W 1,q (∂Ω, R 3 ) it was shown that there exists a unique L q -solution of the transmission problem (1.1), (1.2), (1.3) . It means that the nontangential maximal functions of v ± , ∇v ± and p ± are in L q (∂Ω) and the transmission conditions (1.2) are satisfied in the sense of the nontangential limit. (See [36] , Theorem 9.2.1.)
The integral equation method is a basis of calculation of a solution of the problem by the boundary element method (see [14] , [17] , [43] , [40] ). The famous article [44] studies the Neumann problem for elliptic systems by the integral equation method. O. Steinbach and W. L. Wendland looked for a solution in the form of a single layer potential. They proved that the corresponding integral equation can be solved by the successive approximation. The goal of this paper is to prove a similar result for the transmission problem for the Stokes system.
First we study a solution v ± ∈W 1,2 (G ± , R 3 ), p ± ∈ L 2 (G ± ) of the problem (1.1), (1.2) for G + with Lipschitz boundary. Here the homogeneous Sobolev spacẽ W 1,2 (G ± ) is defined byW 1,2 (G ± ) = {u ∈ L 6 (G ± ); ∂ j u ∈ L 2 (G ± )}. (It is well known that the study of the problem in the standard Sobolev space W 1,2 (G ± ) = {u ∈ L 2 (G ± ); ∂ j u ∈ L 2 (G ± )} failes. Remark that W 1,2 (G ± ) is a dense subspace of W 1,2 (G ± ), andW 1,2 (G + ) = W 1,2 (G + ),W 1,2 (G − ) = W 1,2 (G − ).) We show that the transmission problem is uniquely solvable and
Here (D G g, Π G g) is the hydrodynamical double layer potential with density g and (E G Ψ, Q G Ψ) is the hydrodynamical single layer potential with the density Ψ. So, it is enough to calculate Ψ. The density Ψ satisfies the integral equation
(for the definition of the operator K ′ G see §3; for the definition of F see §5). We show that this equation is uniquely solvable. If
and a constant C depends only on G, a + and a − . Under the assumption that ∂G is of class C 1 and 1 < q < ∞ we study an L q -solution of the transmission problem (1.1), (1.2) accomplished with the condition
instead of the rather artificial condition (1.3). We show the unique solvability of the problem and the representation (1.4), (1.
where α is given by (1.8) and a constant C depends only on G, a + , a − and q.
Under the assumption that ∂G is of class C 1 and 0 < s < 1, 1 < q, t < ∞ we study a solution of the transmission problem (1.1), (1.2), (1.9) in Besov space, i.e. for f ∈ B q,t
q,t s+1/q−1 (G − ∩ B(0; r)) for all r > 0. (Here B(x; r) = {y ∈ R 3 ; |x − y| < r}.) We show the unique solvability of the problem and the representation (1.4), (1.5). The density Ψ ∈ B q,t
3 ) is fixed and Ψ k is given by (1.7), then Ψ k → Ψ and
, where α is given by (1.8) and a constant C depends only on G, a + , a − , s, q, t.
Under the assumption that ∂G is of class C 1 and 1 < q < ∞ we study a solution of the transmission problem (1.1), (1.2), (1.9) 
, where the homogeneous Sobolev space is defined by
we show that such solution is a solution in a Besov space, i.e. v + ∈ B q,q
q,q 0 (G − ∩ B(0; r)) for all r > 0. So, we have the representation (1.4), (1.5). The density
is a unique solution of the equation (1.6). If Ψ 0 ∈ W −1/q,q (∂G, R 3 ) is fixed and Ψ k is given by (1.7), then Ψ k → Ψ and
where α is given by (1.8) and a constant C depends only on G, a + , a − and q. A more complicated problem is the solvability of the problem. If 3/2 < q < ∞ then the problem (1.1), (1.2), (1.9) is uniquely solvable. If 1 < q ≤ 3/2 then the problem (1.1), (1.2), (1.9) is solvable if and only if f , c = 0 for each constant vector c and a solution is unique.
Formulation of the problem
We shall study the transmission problem (1.1), (1.2). Instead of the artificial condition (1.3) we use a more natural condition.
First we define a scale of strong solutions (i.e. L 
is the non-tangential limit of v with respect to Ω at x.
; for almost all x ∈ ∂G there exist the non-tangential limits of v ± , ∇v ± and p ± at x and the condition (1.2) is fulfilled in the sense of the nontangential limit a.e. on ∂G.
Now we formulate a weak solution
is a Banach space with the norm [30] 
is the direct sum ofW 1,2 (R 3 ) and the space of constant functions (see [8] , p. 155). If we put If Ω is an unbounded domain with compact Lipschitz boundary then ∇u L 2 (Ω) is an equivalent norm inW 1,2 (Ω). According to [6] , Chapter XI, Part B, §1 we haveW
Using weak characterizations of the Neumann boundary condition for the Stokes system in G + and in G − (see [32] ) and the fact that n G − = −n G + we give a weak formulation of the transmission problem for the Stokes system (1.1), (1.2):
is a weak solution of the transmission problem for the Stokes system
the sense of traces and
The surface potentials
The aim of this section is to assemble some basic facts on hydrodynamical potentials. For x ∈ R 3 , and j, k = 1, 2, 3 define
If Ψ is a vector function (or distribution) supported on ∂G define the hydrodynamical single layer potential with density Ψ by
and the corresponding pressure by
We have the following decay behavior as |x| → ∞:
makes sense for almost all x ∈ ∂G and E G Ψ(x) is the non-tangential limit of E G Ψ (see [29] , Corollary 3.3). The nontangential maximal function of [29] , Corollary 3.3) and
s (∂Ω) and E G Ψ is the trace of E G Ψ (see [29] , Proposition 4.5). In particular, if
. By the interpolation argument we obtain this result also for s = 1 − 1/q (see [1] , p. 248 and [41] , Chapter 5, Theorem 5). If
(see for example [42] , §3.2). Now we define a hydrodynamical double layer potential. Fix y ∈ ∂G such that there is the unit outward normal n
define the hydrodynamical double layer potential with density Ψ by
on ∂G, where B(x; ǫ) = {y; |x − y| < ǫ}. Then K G is a bounded linear operator on L q (∂G; R 3 ) (see [29] , Corollary 3.3). If 0 < s < 1 and 1 < q, t < ∞ then K G is a bounded linear operator on W 1,q (∂G) (see [29] , Proposition 3.5) and on B q,t s (∂G) (see [29] , Proposition 4.5). If Ψ ∈ L q (∂G; R 3 ) then there exists the nontangential limit
(see [29] , Proposition 3.2). Then D G : B 
and there exist the non-tangential limits of ∇D Ω Ψ and Π G Ψ at almost all points of ∂G (see [29] , Proposition 3.4).
Denote by
(A detailed proof of these relations can be found in [9] .) Let now Ψ ∈ H −1/2 (∂G, R 3 ). According to [32] , Proposition 4.2 we have (3.8)
, the behavior of a hydrodynamical single layer potential at infinity gives (3.9)
Integral representation formula
We shall study a transmission problem also in Besov spaces. We shall need an integral representation formula. Suppose that 0 < s < 1, and 1 < q, t < ∞. The trace is a bounded linear operator from B
and the boundary condition is fulfilled in the sense of the non-tangential limit) then
Proof. Fix r > 0 such that F ⊂ B(0; r). According to [36] , Theorem 9.2.3 there existsṽ,p such that −∆ṽ = ∇p, ∇ ·ṽ = 0 in R 3 \ B(0; r),ṽ = v on ∂B(0; r) and
as |x| → ∞. We haveṽ = v and p −p is constant by [28] , Theorem 6.5. Thus p =p.
Lemma 4.2. Let 0 < s < 1, 1 < q, t < ∞, and v + ∈ B q,t
where
Proof. First we deduce the relations (4.2), (4.3) for v + , p + . For x ∈ G + see [36] , Proposition 10.6.1. Suppose now that x ∈ G − . Using (4.1) 
Suppose that Ω has Lipschitz boundary. 
(see (3.6), (3.7) and Lemma 4.2). We show that there exists a unique solution
s−1 (G − ∩ B(0; r)) for all r > 0. Lemma 4.1 gives (1.9). So we have the representation (4.4), (4.5) where Ψ is given by (4.6). For a calculation of the solution we need to solve the equation (5.1). We show that this equation can be solved by the successive approximation method. For this aim we rewrite this equation as
We use the following notation: If X is a Banach space denote by I the identity operator on X. If M is a subspace of X denote by dim M the dimension of M . If Y is a subspace of X such that X = M Y , i.e. X is the direct sum of M and Y , denote by codim Y = dim M the codimension of Y . If T is a bounded linear operator in X, denote by Ker T = {x ∈ X; T x = 0} the kernel of T , α(T ) = dim Ker T , β(T ) = codim T (X). We say that T is Fredholm if T (X) is a closed subset of X and α(T ) < ∞, β(T ) < ∞. For a Fredholm operator T denote i(T ) = α(T ) − β(T ) the index of T . If X is a complex Banach space denote by σ(T ) the spectrum of T and by r(T ) = sup{|λ|; λ ∈ σ(T )} the spectral radius of T .
, is a weak solution of the transmission problem for the Stokes system (1.1), (1.2). If g = 0, f = 0 then u ± = 0, p ± = 0. 
Proof. For (5.4) see [32] , Corollary 4.4. Let now Ψ, [32] , Lemma 2.1). Denote by V 1 , . . . , V k all components of R 3 \ ∂G and suppose that V 1 is unbounded. Since E G Ψ(x) → 0 as |x| → ∞, we infer that 
Then u is a solution of the problem ∆u = 0 in U , u = 0 on ∂U . The maximum principle for harmonic functions gives that u = 0 in U . Thus
According to boundary behavior of a hydrodynamical potential we have on S
Proof. Let Ψ be an eigenfunction corresponding to an eigenvalue λ. According to Lemma 5.1 and [32] , Proposition 4.3
By virtue of (3.3) we obtain that λ = 1 or λ = 0. (See [15] .)
of the transmission problem for the Stokes system (1.1), (1.2). We have the representation (4.4), (4.5) where Ψ is given by (4.6). Remark that Ψ is a unique solution of the integral equation (5.3) with F given by (5.2).
Then there exists a constant C dependent only on G, a + and a − such that 
Proposition 5.2 gives that there exists an equivalent norm on
Since α < 1 the equation (5.3) is uniquely solvable (see [16] , Theorem 1. Fix a constant
According to [16] , Theorem 1.3.10 we have Ψ k → Ψ and
The transmission problem in Besov spaces
Lemma 6.1. Let X, Y be Banach spaces, T be a bounded linear Fredholm operator in X with index 0, T be a bounded linear Fredholm operator in Y with index 0. Let
Then the kernel of T and T are the same.
(See [31] , Lemma 9.) Theorem 6.1. Suppose that G has boundary of class
. Then there exists a unique solution v ± p ± of the transmission problem for the Stokes system (1.1), (1.2), (1.9) such that
s+1/q−1 (G − ∩ B(0; r)) for all r > 0. We have the representation (4.4), (4.5) where Ψ is given by (4.6). Remark that Ψ is a unique solution of the integral equation
3 ). Let α be given by (5.6). Then there exists a constant C dependent only on G, a + , a − , q, t and s such that 4) , (4.5) , then v ± , p ± is a solution of the transmission problem for the Stokes system (1.1), (1.2), (1.9) 
q,t s+1/q−1 (G − ∩ B(0; r)) for all r > 0. Lemma 4.2 gives that Ψ is given by (4.6) .
Let now v ± , p ± be a solution of the transmission problem for the Stokes system (1.1), (1.2), (1.9) with g = 0, f = 0. Lemma 4.2 gives (4.4), (4.5) with Ψ given by (4.6). So, (5.3) holds with F = 0. Unique solvability of this integral equation forces
We show (6.1) in the same way as in the proof of Theorem 5.1.
The problem in homogeneous Sobolev spaces
Let Ω ⊂ R 
5.2, §1.5.3 and §1.5.4 in [30] ). We choose r > 0 such that ∂G ⊂ B(0; r) and define 
of the transmission problem (1.1), (1.2), (1.9). We shall see that such solution satisfies v + ∈ B q,q 
. Then the assertion (1) implies the assertion (2). If 3/2 < q < ∞ then the assertions (1) and (3) are equivalent. If q = 2 then the assertions (1), (2) and (3) are equivalent.
1.
is a solution of the transmission problem (1.1), (1.2), (1.9).
2. v ± , p ± is a solution of the transmission problem (1.1), (1.2), (1.9) such that v + ∈ B q,q
is a solution of the transmission problem (1.1), (1.2) .
Proof. Fix 0 < s < 1 − 1/q. In all cases v ± , p ± is a solution of the transmission problem (1.1), (1.2), (1.9) 
, the properties of hydrodynamical potentials give the assertion.
Theorem 7.1. Let 3/2 < q < ∞. If q = 2 suppose that G has boundary of class
of the transmission problem for the Stokes system (1.1), (1.2), (1.9). We have the representation (4.4), (4.5) where Ψ is given by (4.6). Remark that Ψ is a unique solution of the integral equation
where C depends only on G and q.
Proof. According to Proposition 7.1, Theorem 5.1 and Theorem 6.1 it is enough to prove (7.1). For
± the solution of the transmission problem (1.1), (1.2), (1.9). We have the representation (4.4), (4.5) . Thus
. So, the operator U ± is closed. The closed graph theorem gives that it is bounded. Lemma 7.1. For 1 < q < ∞ denote by X q the set of all
Hence g, c = 0 (see for example [36] ). So, 
is a solution of the transmission problem for the Stokes system (1.1), (1.2), (1.9) then v + ∈ B q,q
q,q 0 (G − ∩B(0; r)) for all r > 0 (see Proposition 7.1). Theorem 6.1 gives uniqueness of the problem (1.1), (1.2), (1.9) and the representation (4.4), (4.5).
The operator
3 )) by Theorem 6.1. If X q is the space from Lemma 7.1 then S(X q ) ⊂ X q . So, S(X q ) = X q . Let now f ∈ X q . Since [T (D G g, Π G g] + n, c = 0 for all constant c, we have F ∈ X q . Thus Ψ = S −1 F ∈ X q . If v ± , p ± is given by (4.4), (4.5), then
Let now f ∈ X q . If v ± ∈ D 1,q (Ω ± ), p ± ∈ L q (Ω ± ) is a solution of the transmission problem (1.1), (1.2), (1.9) then it is given by (4.4), (4.5) where Ψ = S −1 F (see Theorem 6.1). Clearly, |∇D G g| ∈ L q (G − ), Π G g ∈ L q (G − ). Since [T (D G g, Π G g] + n ∈ X q and f ∈ X q we have F ∈ X q . Hence Ψ ∈ X q . According to properties of hydrodynamical potentials there exist positive constants C 1 , C 2 such that C 1 |x| −2 ≤ |∇E G Ψ(x)| ≤ C 2 |x| 
. So, the operator U ± is closed. The closed graph theorem gives that it is bounded.
L
q -solution of the transmission problem Theorem 8.1. Suppose that G has boundary of class C 1 , 1 < q < ∞. Let f ∈ L q (∂G, R 3 ), g ∈ W 1,q (∂G, R 3 ). Then there exists a unique L q -solution v ± p ± of the transmission problem for the Stokes system (1.1), (1.2), (1.9). We have the representation (4.4), (4.5) where Ψ is given by (4.6). Remark that Ψ is a unique solution of the integral equation (5.3) in L q (∂G, R 3 ) with F given by (5.2). Fix Ψ 0 ∈ L q (∂G, R 3 ). Let Ψ k be given by (5.5). Then Ψ k → Ψ in L q (∂G, R 3 ). Let α be given by (5.6). Then there exists a constant C dependent only on G, a + , a − and q such that We show (8.1) in the same way as in the proof of Theorem 5.1.
